We calculate the first quantum corrections to the masses of solitons in some imaginary-coupling affine Toda theories using the semi-classical method of Dashen, Hasslacher and Neveu. The theories divide naturally into those based on the simplylaced, the twisted and the untwisted non-simply-laced algebras. We find that the classical relationships between soliton and particle masses found by Olive et al. persist for the first two classes, but do not appear to do so naively for the third.
Introduction
In [1, 14] Olive et al. found a complete set of soliton solutions for the affine Toda field theories. They also pointed out some intriguing relations between particle and soliton masses in different theories. This has echoes of similar conjectures in four-dimensional gauge theories, as first suggested by Olive and Montonen, and now followed up by Seiberg and Witten. The results in Toda theory are classical results, and it is obviously of interest to see whether they persist when the theory is quantized.
To find the quantum corrections to the soliton masses we use the semi-classical method of Dashen et al. [2, 3] which was applied to the a (1) n theories by Hollowood [4] . It is unclear whether this method can be justified within the path integral framework, since it is not clear over which configurations one should sum, but the results Hollowood found seem quite reliable when checked against the results of other non-perturbative methods, such as the S-matrix bootstrap and the method of non-local charges.
The layout of the paper is as follows: In section 2 we recall the known facts about the classical imaginary coupling Toda theories. In section 3 we recall how to calculate the quantum corrections to the particle and soliton masses. In section 4 we give the results for the simply-laced algebras. In section 5 we give the results for the twisted and nonsimply-laced untwisted theories. In section 6 we give some comments on the calculations. In appendix A we relate the results of Dorey and Fring and Olive which are relevant to our discussions. In appendix B we give the results for the particle mass corrections in simply-laced theories. In appendix C we list some data associated with the e (1) n theories.
Classical imaginary-coupling Toda theory
An affine Toda field theory is a theory of scalar fields in two dimensions with exponential interactions. There is an affine Toda field theory associated with each affine Lie algebra as follows: if we denote the simple roots of the affine Lie algebra by α a , 1 ≤ a ≤ n, the lowest root by α 0 and the fields by an n-dimensional vector φ, then the Lagrangian density is
where β and m are coupling constants 1 and n a are numbers chosen so that φ = 0 is the minimum of the potential. We choose the longest root to have length squared 2, and the n a to be positive integers such that n a α a = 0 and n a = kh, where h is the Coxeter number and k the twist of the affine algebra. The different affine algebras and their simple roots are encoded in Dynkin diagrams, which we give in table 1, along with various Lie algebraic data.
For a long time affine Toda field theories were only studied with the coupling constant β real (henceforth we shall refer to these as 'real-coupling theories'). As quantum field theories these are theories of (rank g) scalar particles. The presence of higher spin conserved quantities in the quantum as well as classical theory (see e.g. [5, 6] ) implies that the scattering preserves individual particle momenta, and that the S-matrix factorizes on the two-particle scatterings (see [7] [8] [9] [10] for details).
The theories with imaginary coupling constant have a very different spectrum, as can be seen from the sine-Gordon model (henceforth we shall refer to these as 'imaginary-coupling' theories). The potential is periodic and so there are finite energy soliton solutions which interpolate between different vacua. There are also 'breather' solutions which appear as bound states of solitons. For affine Toda theories other than the sine-Gordon model there are difficulties arising because for real values of the fields φ the potential is not in general real. This means that starting from a real configuration the field will become complex, and so it is hard to see how any 'physical' observables will remain real. The potentials have many stationary points with real values of φ, and one can try to find 'soliton' solutions which interpolate between these stationary points. Hollowood was able to construct such soliton solutions for the a (1) n theories for which, although the energy density was not real, the energy itself was [11] .
This result was succeeded by many others on classical soliton spectra of imaginary coupling affine Toda theories, but the most complete analysis has been given by Olive et al. in the series of papers [1, [12] [13] [14] [15] . They found that the (classical) soliton masses in simplylaced and twisted theories were in the same ratio as the corresponding (classical) particle masses, whereas the soliton masses for the untwisted affine Lie algebras g (1) were in the same ratios as the particle masses in the theory based on (g ∨ ) (1) where the Dynkin diagram of the finite Lie algebra g is that of g ∨ with the arrows reversed. (We shall call this 'Lie duality', in distinction to the 'affine duality' in the real-coupling quantum theory which related theories obtained by reversing the arrows of the Dynkin diagram of the affine Lie algebra.) Thus the masses of the particles in the affine Toda theory based on b (1) n are in the same ratio as the masses of the solitons in the theory based on c (1) n , and vice versa, whereas for all other theories the particle and soliton mass ratios are equal. For reference we list the classical particle and soliton masses in table 2.
It is obviously an interesting problem to repeat Hollowood's calculation of the quantum soliton mass corrections for the theories other than a (1) n , as has already been performed for c (1) . . . 
see subsection 5.2.3; for e (2) 6 see subsection 5.1.3; for e (1) n see [8] and [1, 14] .
Methods of quantization
For real-coupling Toda theories, the spectrum consists of (rank(g)) massive particles, and one can use standard Feynman diagram techniques to calculate mass corrections, S-matrix elements and so on. One very interesting conjecture is that the strong-coupling behaviour of a quantum affine Toda theory related to a given affine Lie algebraĝ is identical to the weak-coupling behaviour of the affine Toda theory related toĝ ∨ (where the Dynkin diagram ofĝ ∨ is obtained by reversing the arrows on the Dynkin diagram ofĝ) (this has been checked by calculating S-matrix elements and conserved currents at the one-loop level, comparing these with conjectured formulae for the S-matrix elements, and by numerical simulation, see e.g. [6, 9, 17] .) For diagrams which are unchanged by reversing the arrows the ratios of the particle masses are not altered by leading-order quantum corrections.
For imaginary-coupling Toda theories, one has to consider the soliton sectors as well. The sine-Gordon theory, which is well-behaved, has been quantized by means of the quantum inverse scattering method, but for the other theories, in addition to the immense complexity of any calculations, it is not possible to find a pseudovacuum to which to apply the algebraic Bethe ansatz. Instead we shall adopt the method used by Hollowood [4] . To calculate the quantum mass corrections for the solitons in the a (1) n theories, he used the semi-classical method of Dashen et al. [2, 3] and, proceeding formally, found that these corrections were real, and that the ratios of the soliton masses were unchanged by the quantum corrections. Although it is hard to see how this method can be derived from a naive path integral quantization if the action is complex, the results he found for the particles and soliton masses were consistent with S-matrices he conjectured [18] , which also exhibited the generic non-unitarity one might expect.
We now review the methods to calculate particle and soliton mass corrections in a little more detail.
Particle mass corrections
In real-coupling Toda theory the only excitations are the fundamental particles and one can use standard Feynman diagram techniques to calculate masses of the particles to any desired order in perturbation theory.
The formula for the 1-loop mass corrections is very simple [8] ,
where the sum is over all ordered pairs of particles (b, c) which have a 3-pt coupling to the particle a. C abc is the three point coupling found from the Lagrangian, These calculations have already been performed for all Toda theories [8, 9, 24] and we simply restate them in our tables for convenience. The only claim for originality we make for the particle mass corrections is the observation in appendix B that the simply-laced results can be obtained using algebraic means.
Soliton mass renormalization in 1+1 dimensional field theory
We recall the semi-classical method of Dashen, Hasslacher and Neveu [2, 3] .
To treat the quantum theory in a soliton background one considers the Toda field as the classical soliton φ 0 plus a quantum perturbation. To leading order the quantum perturbation can be expanded in a set of harmonic oscillators, one for each of the bounded solutions of the linearized equation of motion in the soliton background. This linearized equation of motion takes the form of a Schrödinger equation,
For the imaginary-coupling Toda theories (as with some other theories; see [2, 3] ) it is possible to find all the solutions exactly. Of the bounded solutions to (3.2) there are a continuum of reflectionless 'scattering' solutions which are asymptotically plane waves,
(where the 'phase shift' δ(k) is a constant, possibly complex), and a further set which we call the 'discrete modes'. The quantum state corresponding to a single soliton is taken as the vacuum state for these oscillators, and the mass of the soliton is the difference of the expectation values of the Hamiltonian in this soliton state and in the true vacuum. This is still infinite, and to find a finite expression one must also consider renormalization of m; when expressed in terms of the renormalized mass, the soliton masses are finite.
The sum over the ground state energies of the oscillators corresponding to the continuous set of scattering states needs to be regulated. Clearly in eqn. (3. 3) the vector ξ must be an eigenvector of the classical mass-squared matrix M ij = ∂ 2 V /∂φ i ∂φ j | φ=0 corresponding to some particle of species a say. Consequently we can consider the solutions to eqn. consider the soliton in a large box and impose periodic boundary conditions on δφ(x), in which case, taking the size of the box to infinity, we find the shift in the mass of soliton b to be, neglecting terms of order β 2 ,
2 This is the case in theories which contain only real particles, i.e. all except a
(1)
2n+1 and e
6 . For the rest we should use instead the regularization suggested by Hollowood. When expressed in terms of the variables ǫ 
In all the affine Toda theories the phase shift for particle type a in background b has the general form exp iδ ab (k) =
Given this form, we can then see that the boundary term is
and the integral is 6) where the divergences are contained in
As mentioned before, to get a finite answer we need to express the results in terms of the renormalized mass, which is found as follows. The classical masses squared m 2 a are the eigenvalues of
If we denote the renormalized mass parameter by m R and put
where δφ is a constant required to leave φ R = 0 as the minimum of the (normal-ordered) potential, then these are related to the bare parameters by
for each simple root α i , where : : represents normal ordering using the free massive propagator, and hence by m
If we multiply the expressions in eqn. (3.9) each to the power of n i and remember that n i = kh where k is the twist and h is the Coxeter number of the affine Lie algebra, and also that the mass matrix is given by eqn. (3.8), we obtain
where ∆ a is as in (3.7).
The final expression for the mass shift, using (3.10) and (3.4), is
Clearly we need the term (3.11) to vanish for the answer to be finite. This is indeed the case for all the affine Toda theories.
4 The results for the simply-laced theories
Particle masses
For the simply-laced theories, Braden et al. [8] found the simple answer
where for the simply-laced theories θ is defined to be
In their paper, they proved this in each case in turn.
From Dorey [19] we know that we can associate each particle in a simply-laced Toda theory with an orbit of the Coxeter element in the space of roots. In appendix A we give our conventions for the choice of these orbit representatives based on Dorey [D] and Fring and Olive [FO] . Using techniques developed by Dorey [19] [20] [21] and Fring and Olive [22] we prove the result (4.1) for even h in the appendix B. As can be seen, the universal form of the mass shifts implies that the masses remain in the same ratio to 1 loop.
Soliton masses

Soliton solutions
From Olive et al. [1] we know that with each orbit there is associated a soliton with mass
They give the m-soliton solutions of a simply-laced affine Toda theory as
whereF i (z i ) are generators of the simply-laced affine algebraĝ, i labels the orbit of the Coxeter group and hence the soliton species, |j is a highest weight state corresponding to the jth fundamental weight of level 3 m j ,
η i is the rapidity of the ith soliton, c i = ±1 and the q i are arbitrary complex parameters which determine the topological charge and centre of mass trajectory of the ith soliton.
We refer the reader to [1, [12] [13] [14] for full details concerning the various elements used in this construction and to appendix A for our conventions.
The solutions to the linearized equations of motion
It is straightforward to find the exact set of solutions to (3.2) using the same trick as Hollowood in [4] . Since the parameters q i are arbitrary, the O(q 2 ) term in a two-soliton solution will satisfy the linearized equations of motion in the first soliton background. By running over all possible perturbing soliton types we find a complete set of solutions δφ ab to (3.2) of the form
where we take the soliton b to be at rest, and so
Using the results and notation of [12, 13] , we can examine the limits x → ±∞ of these functions. The limit x → −∞ is straightforward as W b → 0, and so
and so
where
is an eigenvector of the mass-squared matrix of eigenvalue m 2 a . Thus as x → −∞ this appears to be a particle of type a moving in the background of a soliton of type b.
As x → ∞ we have (using extensively [14, 15] )
where σ is the coxeter element, γ i are representatives of the coxeter orbits (see App. A), and ω = exp( 2iθ ). So we see that δφ ab is of the form (3.3) with the phase shift given by
if we choose m a cosh η = ik .
Since there are no singularities in X ab for k real, this is sufficient to define a complete set of 'scattering states' and calculate all the contributions to the mass shifts from these states.
Using the phase shifts for the simply-laced algebras
Using the expressions for z a , Olive et al. [1] give the simply-laced X factors as
We can turn this into an expression entirely in cosh η by using the fact that it is even in θ and multiplying by the expression with η → −η and then taking the square root, at the expense of apparently non-integral exponents 
With this form of the phase shift, we can now evaluate the boundary term and the integral for the simply-laced theories.
• The (potential) divergence Using eqns. (A.2) and (A.3) of appendix A we have the result
and hence the divergence in the soliton mass corrections is cancelled by the mass renormalization and (3.11) is identically zero.
• Boundary terms:
Putting (4.14) into (3.12) we find
• The remaining integral (3.13) now becomes
Let us assume that b is a 'white' index, and hence u b• = 0, u b• = 1. Then we also have
and if we remember that for b 'white' (A.4)
then we can perform the sums over the black and white roots independently, and recombine them to give
If we take h even, then this gives the answer
The case of h odd only occurs for the a
n series, and the (different) result in that case has been found by Hollowood in [4] .
The discrete modes
The remaining discrete set of solutions to eqn. (3.2) have the property that δφ ab → const. as x → ±∞. From eqn. (4.8) we see that ik must be real and non-negative. The k = 0 solutions are already included in the 'scattering states', so we must take ik > 0. In this case a necessary condition for δφ ab to be bounded as x → ∞ is that X ab (z a , z b ) = 0.
Let us suppose that this is so, in which case we have
It is possible to calculate this explicitly again using the results of [1, 13] . Let us recall the level one vertex operator construction ofF k (z) of [1] ,
where for each level 1 highest weight vector 
In this case we must have a = b and p = 0, z a = z b and so k = 0. We have already counted this solution.
•
In this case (which is governed by Dorey's fusing rule) there is a third root γ c such that
and z a = ω −p z b , z c = ω −q z a . We also have [23] that λ a − λ b − λ c ∈ Λ R , the root lattice of
and as a resultF
To use this result, we now recall that the level x construction ofF k (z) from [1] is simply the x-fold tensor product of some level 1 representations, 22) and that the xth power of this generator again has a simple vertex operator construction exactly as in eqn. (4.18), 
Taking expectation values in |j , 1
and the next-to-leading term (4.17) is
and
We find that
and so a necessary and sufficient condition for there to be a bound state solution to (3.2)
coming from a particle of type a bound to the soliton b is that
At present we have not found a uniform way to sum these contributions for the simplylaced algebras, and we find case by case for the algebras a
n and e
n the result for (3.14)
We do not give details here because the sums are straightforward for the classical algebras and for the exceptional algebras we used Mathematica. The case of h odd is again different, only occurs for the a
n series, and has been found by Hollowood in [4].
Final results for simply-laced algebras
Combining the results we have found for d (1) n and e ). Table 3 : Simply-laced algebra results
5 The results for the non-simply-laced theories
The remaining affine Lie algebras are all non-simply-laced (that is, the simple roots are not all of the same length) and fall into two classes, the non-simply-laced untwisted algebras and the twisted algebras. For the particles in theories based on these algebras, Braden et al. found that the mass shifts are no longer universal; the ratios of the particle masses change to first order in perturbation theory. We list these mass shifts in tables 4 and 5.
Solitons for the theories based on non-simply-laced algebras can be obtained from the simply-laced algebras by using automorphisms ('foldings') of their Dynkin diagrams [25] . Suppose the simply-laced ('parent') diagram has some symmetry: then the equations of motion will also have this symmetry, and any initial data with the symmetry will remain symmetric as they evolve in time. Such a solution will thus also be a solution of the folded theory, based on combinations of roots invariant under the automorphism, which are the simple roots of a non-simply-laced algebra. The procedure is best viewed graphically as a folding-together of the legs of the parent diagram exchanged by the automorphism. Full details can be found in [8] , whose notational conventions we follow.
Such foldings can be divided into the indirect and the direct: the former exchange roots which are linked on the parent diagram whilst the latter do not. It turns out that to find all theories it is necessary only to consider the direct foldings. The direct foldings divide into those which involve the extended root and those which do not, i.e. those which are also symmetries of the (unextended) diagram of the finite Lie algebra. The former lead to the twisted theories and the latter to the non-simply-laced untwisted theories.
Viewed in this way it is simple to compute the soliton solutions for the non-simply-laced theories, since they are soliton solutions in the parent theory which are invariant under the folding. The only difficulty is in identifying which parent (multi)soliton solutions correspond to the non-simply-laced theory's single solitons. It is also straightforward to find the X factors since they come from a particle traversing the parent (multi)soliton.
The a (1) n factors are given in [4] , the e n theories split into two classes, n even and n odd, (see [8] ). For n even, all the particles are self-conjugate, whereas for n odd the two particles corresponding to the two spinor representations form a conjugate pair. The X-factors, however, have uniform expressions
where θ = π/h and {a} ≡ cosh η − a cosh η + a .
For n even, these X-factors all give real phase shifts, whereas for n odd the phase shifts for two spinorial labels are complex.
Twisted theories
For the twisted theories, a
n+1 , e
6 and d
4 , the folding procedure produces a potential with the n a no longer minimal: if k is the order of the automorphism, then n 0 = k and n 1 = kh. The longest root is of squared length 2.
Particle masses
The particle masses and three point couplings are given in Braden et al. [8] and it is easy to calculate the mass shifts using this data. We give the results in table 4 along with the soliton mass corrections 4 .
Soliton solutions
In the twisted cases it turns out that all the single solitons can be obtained by folding single solitons in the parent theory [14, 26] . Specifically, a
2n : The parent theory is d
2n+2 and only even tensor solitons survive folding. a
2n−1 : The parent theory is d
2n and only the even tensor solitons and one spinor soliton survive.
d (2) n+1 : The parent theory is d 6 : The parent theory is e (1) 7 and the solitons which survive correspond to the particles {2, 4, 5, 7} in the notation of [8] . The relevant X-factors may be extracted from table 8. 4 We should like to thank H. Braden for sending us some of his results on the twisted algebras which were not published in [8] 6 and the solitons corresponding to the particles L and H in the notation of [8] survive. The relevant X-factors may be extracted from table 7, and are
In each case since the solitons in the parent theory are related to the parent particle masses by a universal factor, this remains the case in the twisted theories. The relation is now
For the twisted theories the Xs are simply those of the parent single solitons. This means that we can use these X factors directly to calculate the phase shifts and discrete spectrum of the twisted theories and find the corrections to the soliton masses. We give these in 
5. 
432 sin 4θ (4 + sin θ + 7 cos 2θ) .
We find the soliton mass corrections (using Mathematica) to satisfy the universal rule of eqn. (5.1).
Summary of twisted results
In each case the particle and soliton mass corrections are related by
where B is the universal β-dependent function used by Dorey [36] to construct particle S-matrices for the real-coupling case. (Note that the k is missing in his case because he takes the longest root to have squared length 2k.)
Untwisted non-simply-laced theories
Particles
Again the particle masses and three point couplings have been given in Braden et al. [8] and we list the mass corrections in table 5.
Soliton solutions
In contrast to the twisted cases, in the untwisted cases some multisoliton solutions of the parent theory must be folded to produce single solitons in the daughter theory. The (classical) soliton masses then form the left Perron-Frobenius eigenvector of the (finite Lie algebra's) Cartan matrix, in contrast to the particle masses which form the right eigenvector. This suggests a duality (which we call 'Lie duality') [1, 12] between solitons and particles respectively in theories based on (affine extensions of) dual Lie algebras: for instance, between solitons of the b
n theory and particles of the c
n theory (and viceversa), a case we shall discuss later. It also allows us to assign both particles and solitons unambiguously to spots on the diagram, and it may then be noticed that the soliton is obtained by folding a parent multisoliton whose soliton number is the order of the corresponding simple root under the automorphism. Explicit calculations of all the τ -functions may be found in [27] whilst a general treatment in the formalism of Olive et al.
may be found in [14] .
Viewed in this way it is simple to compute a set of solutions δφ ab to the Schrödinger problem (3.2). However, for the parent particle or soliton species which are not invariant under the folding, the construction of Olive et al. in [12] gives solutions in terms ofF k operators which are sums of such operators in the parent theory. This means that in any function δφ ab for the non-simply-laced theories where a or b is one of these labels, the solution will contain two or more (possibly different) X factors. However, the folding procedure ensures that the coefficients of the leading terms in δτ ab j , which we denote by X a b , are in fact the same, and are easy to find for the non-simply-laced untwisted theories, since they come from a particle traversing the parent multisoliton. (To see this in terms of the full soliton solutions, see the c (1) 2 calculation [16] .) Another result is that, whereas for the simply-laced theories the X factors (expressed as functions of cosh η) were symmetric under the interchange of the soliton and particle labels, this is no longer the case. Since we now need to distinguish the soliton from the particle traversing it, we have put the soliton label in bold face; thus X a b is the factor for particle a traversing soliton b. c (1) n , folded from a (1) 2n−1 : a parent two-soliton (a with 2n − a) must be folded for a = 1, .., n − 1, single for n; and so
X a n = X P a n X n a = X P n a X P n 2n−a X n n = X P n n , where we have¡ used the superscript P to denote an X of the parent theory.
n+1 : single for 1, .., n − 1, double for n;
X a n = X P a n X P a n+1
2 , folded from d (1) 4 : soliton 1 is a triple (1 + 3 + 4) parent soliton, soliton 2 a single.
Using these Xs we can now go through the calculations described in the previous section.
The only significant alteration to the method is in the condition for a discrete mode to have good asymptotic behaviour: (4.28) must be generalized.
• For a parent single a-soliton perturbing a parent multisoliton (of number n), the right-hand side must be replaced by nm b .
The X a· factor is the same for each component of the multisoliton, and the bound state occurs when X a· = 0, when the leading term, with coefficient (X a· ) n , vanishes.
However, the next terms, which may be viewed as the highest terms in an a-soliton perturbing a parent (n − r)-soliton, have coefficients proportional to (X a· ) n−r and so also vanish. The first non-vanishing term behaves like W a /W n b .
• Whenever the perturbing soliton is a parent multisoliton (4.28) remains valid. When the perturbed soliton is a parent single soliton this is straightforward.
When both the perturbed and perturbing solitons are parent multisolitons, the highest term's coefficient is a product of Xs coming from the different parent singlesolitons. If one of these Xs vanishes, then there will not be a zero in the others, and so the next-to-leading term in δφ ab will not vanish. Thus the first non-vanishing term
It is possible that there could be further unexpected zeros in the (new) leading terms, which would affect our results. However, all such cases already have good asymptotic behaviour and so cannot be affected.
Using these asymptotics we obtain the results given in table 5, where in each case θ = π h . Table 5 : Non-simply-laced untwisted particle and soliton mass corrections Particles Solitons
theory is obtained by folding the e
6 theory and the particle mass degeneracies are removed. We label the particles in accordance with the labelling of the particles of e 
We list the particle mass corrections below [24] for reference.
The solitons of types l and h are double solitons of the e
6 theories of types {l,l} and {h,h} respectively, while those of type L and H are single solitons of the parent theory.
This gives the soliton masses as
We find the mass corrections (using Mathematica) as follows:
Summary of non-simply-laced untwisted results
As before for the simply-laced and twisted theories, we find for the solitons which are single parent solitons the universal result (now with k = 1)
Discussion
Comparison with exact S-matrices
These results have important implications for attempts to construct exact factorized Smatrices for the solitons. The preferred candidates for such S-matrices are the quantized affine algebra (U q (ĝ) ) invariant (trigonometric) solutions of the Yang-Baxter equation (YBE) corresponding to the dualĝ ∨ of the affine algebraĝ on which the Toda theory is based. The simply-laced affine algebras are self-dual, and Hollowood [18] has investigated the a
n case. Apart from problems of unitarity, a fundamental problem with such S-matrices is that for n > 2 the topological charges of the (classical) solitons do not fill the fundamental representations of the Lie algebra [27] ; and neither do those of the excited ('breathing') solitons [28] . It then has to be assumed that the quantum solitons can somehow take all the weights of each fundamental representation of U q (ĝ) (which is a reducible representation of U q (g) whose highest component is the fundamental representation of
The non-simply-laced cases are even more subtle. For the twisted theories we would need to use YBE solutions based on untwisted algebras, which in the conventional approach have a rigid pole structure which respects the unrenormalized soliton mass ratios. For non-simply-laced untwisted theories the position is rather obscure, since very little is known about R-matrices for twisted algebras: as far as we are aware, only those for vector representations are known [29] and it is thus not clear whether the R-matrices in higher representations will follow the classical particle or soliton masses. The problem of rigid pole structure is likely to be resolved by making use of the 'spin gradation' 5 , in which the fact that the non-local charges corresponding to different step operators have varying spins depending on the length of the associated root is apparently fundamental in ensuring crossing symmetry. Until recently this had only been investigated for the a
2 case [31] , which is rather unfortunate since, as we have seen, a (2) 2n are the only non-simply-laced algebras for which the mass ratios remain constant. However, Babichenko [32] has now calculated the vector a 3 . The extension of this result to other cases is an important goal.
Relating soliton and particle masses
It has been known for many years that it is consistent in sine-Gordon theory to identify the quantum particle with the first scalar breather state, and it is becoming apparent that the same is true of the other affine Toda theories, where for each soliton we expect the first scalar soliton-antisoliton bound state to be identified with the corresponding particle. The reason for this is unclear, but it is possible that one is simply calculating the first excited state in the zero topological charge sector by quantizing the theory in two equivalent ways: either by taking the free massive theory and quantizing the classical oscillator solutions, which must then be renormalized using the remaining, interactive, part of the Lagrangian; or by quantizing the classical breather solutions of the full theory. The latter, done for the sine-Gordon theory in [2] , has not been carried out for the general case, and it remains an interesting problem to do so. However, we can make a tentative calculation of the breather mass by examining the breather pole in the soliton-antisoliton S-matrix. This was done for the vector soliton of a (1) n by Hollowood [4] , and for the other simply-laced algebras the expected S-matrix pole gives us This also works for the a
2 model considered by Smirnov [33] (when we make the connection β 2 = 4γ with his notation).
So, for the simply-laced solitons, we have found the perturbative formulae in table 3, which are consistent with a conjectured exact formula (6.1).
Twisted theories
For each species of soliton in the twisted theories we also find a close relationship between the particle and soliton masses, as given by eqn. (5.1),
Thus the ratios of soliton masses are equal to the ratios of particle masses in these theories.
If we were to identify the first breather with the particle, then we could conjecture an exact formula m
Non-simply-laced untwisted theories
In the remaining cases, that is non-simply-laced untwisted theories, we find that for those soliton species which derive from a single soliton in the parent theory, there is the same relationship between the particle and soliton masses (6.2) as in the simply-laced and twisted theories, and we could again conjecture an exact formula (6.3).
For the solitons which derive from a n-fold parent multiple soliton, there are extra quantum corrections which reduce the mass of this soliton below the expected result,
where ǫ is positive and β 2 is negative.
In the cases of both affine and Lie duality, since we expect to be able to identify the particle with the first breather, a better understanding of how the masses are related will come with attempts to construct exact S-matrices and understand their pole structure.
Duality
Affine duality
The subject of duality in real-coupling theories has been much discussed [6, 9, 17, 36] , and both mass ratios and S-matrices have been related in theories based on dual affine algebras (we recall that dual affine Lie algebras are related by changing the directions of the arrows on their affine Dynkin diagrams). For dual theories g (k) and g ′ (k ′ ) the coupling constants are related by β 2 β ′ 2 = 16π 2 kk ′ : the weak-coupling regime of one can be identified with the strong-coupling regime of the other, and we can interpolate between the theories.
In sine-Gordon theory, and in all the simply-laced theories as well where
we expect that the theory is in fact only well defined for β 2 > −4π, and so this duality will relate a well defined theory to an undefined theory (as it will for the non-simply-laced theories as well.) Thus we feel that we cannot at present offer any useful ideas on affine duality in the imaginary coupling theories.
Lie duality
The results of Olive et al. [1, [12] [13] [14] [15] suggested the presence of some sort of 'Lie duality' which relates the solitons in one untwisted theory (g) (1) to the particles in the theory (g ∨ ) (1) based on the dual of the finite Lie algebra. This is exemplified by the pair b
n and c
n , for which Olive et al. found the classical results
where the β dependence only occurs in the soliton masses -the particle masses are β independent. One might hope that this would extend in some way to the quantum theory, i.e. that we might be able to find some functions λ(β),λ(β) and β ′ (β) such that
The strongest form of duality one could think of would be one in which λ =λ. From the 'classical' 6 result (6.4) this would relate the coupling constants by
and so would, like the 'affine duality' above, relate strong and weak coupling regimes of different theories. Immediately, this implies that if we wish to use small coupling β results we must replace the β ′ dependent quantities in (6.5) and (6.6) by the quantum results at strong coupling, which we clearly cannot do. Since we can only calculate weak coupling expansions, we cannot test such a duality directly, but we can point out an example of quantum behaviour which indicates that any such duality cannot be implemented in a simple fashion.
Let us suppose that there is a sense in which strong-weak duality is valid. We can look at, for example, the classical β → 0 limit of the ratio
The corresponding quantity at strong β could be calculated in the c
n theory, and we find
If we believe that there is some duality relating the two quantities (6.7) and (6.8), then since it is the same for zero β and zero β ′ , it is hard to reconcile this with the fact that these two quantities have very different behaviours when we include the quantum corrections in β and β ′ :
This argument, while not at all ruling out the possibility of a 'strong-weak' duality, does mean that it cannot be implemented in any particularly simple fashion.
If we instead postulate a 'weak-weak' duality, between the weak-coupling regime in one theory and the weak-coupling regime in the other, then we can try to keep (6.5) and (6.6) but with different λ,λ. This was in fact the remarkable coincidence observed in c
(1) 2 in [16] . However, if we demand β = β ′ , then this is only true for c
2 , and even if we allow β 2 = Aβ ′2 (1 + O(β ′2 )) for some constants A we still cannot satisfy (6.5) or (6.6) for general n.
Overall we must therefore say that, despite no conclusive proof of the absence of such a result, we find no evidence of Lie duality.
Unitarity
As pointed out in [16] , our calculations remain in some sense formal, since the Hamiltonian is complex. However, for the classical soliton solutions not only the energy [12] but also an infinite number of conserved quantities [34] is real, so there is hope that we might be able to restrict the fields or the Hilbert space to the solitons and their bound states, so that all observables take real values and a quantum theory can be defined. In this spirit it seems significant to us that all our calculations have been done within the multisoliton sector, i.e. that the complete set of solutions to the Schrödinger problem (3.2) is found by examining multisolitons.
Boundary state independence
Recall that in section 3 we imposed periodic boundary conditions on the perturbation of the soliton to be quantized. Although sine-Gordon theory has been considered before, it is only in the last year or so that careful consideration has been given to the question of which boundary conditions may be imposed on Toda theories without destroying integrability (see ref. [35] and refs. therein), and we believe that the condition we impose does not in fact preserve this integrability. However, we expect that, since the period is eventually taken to infinity, our results will not be affected in any case. They also define integers related to the black and white sets by and that
